
1HXUDO�1HWZRUN�6LPXODWLRQ�RI�(QHUJ\�7UDQVIHU3URFHVVHV�LQ�D�0HPEUDQH�3URWHLQ�6\VWHP
3HWU�9��1D]DURY���9ODGLPLU�9��$SDQDVRYLFK���9ODGLPLU�0��/XWNRYVNL��0DUFXV�$��+HPPLQJD���5RE�%��0��.RHKRUVW�
��'HSDUWPHQW�RI�6\VWHPV�$QDO\VLV��)DFXOW\�RI�5DGLRSK\VLFV��%HODUXVLDQ�6WDWH�8QLYHUVLW\�6NDU\QD $YH����0LQVN���������%HODUXV���(�PDLO��OXWNRYVNL#EVX�E\� /DERUDWRU\�RI�%LRSK\VLFV��:DJHQLQJHQ�8QLYHUVLW\��'UHLMHQODDQ���������+$��:DJHQLQJHQ�7KH�1HWKHUODQGV��:HEVLWH��KWWS���QWPI�PI�ZDX�QO�KHPPLQJD�
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���,QWURGXFWLRQ
&RPSXWHU� PRGHOOLQJ� KDV� EHFRPH� D� VWDQGDUG� PHWKRG� IRU� WKH� SDUDPHWHUGHWHUPLQDWLRQ�DQG�VWXG\�RI�FRPSOH[�V\VWHPV�DQG�SURFHVVHV��(VSHFLDOO\�LQ�V\VWHPVWKDW�FDQQRW�EH�GHVFULEHG�E\�D�VHW�RI�DQDO\WLFDO�HTXDWLRQV�0RQWH�&DUOR�VLPXODWLRQSURYLGHV�D�JHQHUDO�DSSURDFK�WR�VXFK�D�SUREOHP��+RZHYHU��FRPSXWHU�VLPXODWLRQ�KDVVHYHUDO� ZHDN� SRLQWV��2QH�RI� WKHP� LV� WKH�KLJK� WLPH� FRVW� RI� LWV� UHDOLVDWLRQ��ZKLFKPDNHV�LW�GLIILFXOW�WR�XVH�DQ�RSWLPLVDWLRQ�WHFKQLTXH�IRU�WKH�GHWHUPLQDWLRQ�RI�PRGHOSDUDPHWHUV��$W� WKH� VDPH� WLPH�� LW� LV�NQRZQ�WKDW� LW� LV� SRVVLEOH� WR� DSSUR[LPDWH� DQ\H[LVWLQJ� VPRRWK� IXQFWLRQ� XVLQJ� DQ� DUWLILFLDO� QHXUDO� QHWZRUN� �$11�� ZLWK� DVXIILFLHQW�QXPEHU�RI�OD\HUV�DQG�QHXURQV�>�������@�,Q�WKLV�SDSHU�ZH�SURSRVH�WR�DSSO\�DQ�$11�WR�UHSURGXFH�D�VLPXODWLRQ�PRGHO��7KLVPDNHV� LW�SRVVLEOH�WR�XVH�WKH�$11�WR�ILW� WKH�PRGHO�SDUDPHWHUV� WR�DQ�H[SHULPHQWDOGDWD�VHW��DQG�WR�VWURQJO\�VSHHG�XS�WKH�ILWWLQJ�SURFHGXUH��+HUH�ZH�GHPRQVWUDWH�WKHDSSOLFDWLRQ� RI� WKLV� LGHD� WR� WKH� VLPXODWLRQ� PRGHO� RI� HQHUJ\� WUDQVIHU� SURFHVVHVEHWZHHQ�IOXRURSKRUHV�LQ�D�PHPEUDQH�SURWHLQ�V\VWHP�
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VKRXOG� EH� GHILQHG� �3;��� VR� WKDW� 3 >3��� 3;@�� ,Q� WKLV� FDVH�� WKH� V\VWHP� GHVFULEHGSHUIRUPV�WKH�IROORZLQJ�RSHUDWLRQ�)33 ;  ��� �44 � ���8VXDOO\� WKH� GHWHUPLQDWLRQ� RI� WKH� XQNQRZQ� SDUDPHWHUV� 3; LV� FDUULHG� RXW� LQ� WKHIROORZLQJ�ZD\��� $�VHW�RI�)�LV�REWDLQHG�H[SHULPHQWDOO\��� $�PRGHO�;; RI�V\VWHP�44 LV�FUHDWHG��,W�SHUIRUPV�WKH�RSHUDWLRQ�
��� � )33 ;  ;; ����� $Q�LQLWLDO�HVWLPDWLRQ�LV�PDGH�IRU 3;���� $Q�RSWLPLVDWLRQ�DOJRULWKP��XVLQJ�D�YDULDWLRQ�RI�SDUDPHWHUV�3;�� LV�H[HFXWHG� WRPLQLPL]H�WKH�HUURU�__)
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)LJ��� 7KH�GLUHFW�DSSOLFDWLRQ�RI�DQ�$11�WR�PRGHOOLQJ
7KH�PHWKRG�GHVFULEHG�LV�XVHG�IRU� WKH�VLPXODWLRQ�RI�GLSROH�GLSROH�HQHUJ\� WUDQVIHUSURFHVVHV�EHWZHHQ�PHPEUDQH�SURWHLQV�
���0RGHO�'HVFULSWLRQ
7KH�IOXRUHVFHQFH� UHVRQDQFH� HQHUJ\� WUDQVIHU� �)5(7��PHWKRG� KDV� EHHQ� DSSOLHG� WRVHYHUDO� SUREOHPV� LQ� ELRORJ\� DV� D� PHDQV� RI� HVWLPDWLQJ� LQWUD�� DQG� LQWHUPROHFXODUGLVWDQFHV� LQ� PDFURPROHFXODU� V\VWHPV�� (VSHFLDOO\� LW� KDV� EHHQ� XVHG� IRU� WKHGHWHUPLQDWLRQ� RI� WKH� FRQIRUPDWLRQ� DQG� DVVRFLDWLRQ� RI� SURWHLQV� HPEHGGHG� LQWR� DSKRVSKROLSLG� ELOD\HU�� >�@� 7KH� LGHD� RI� )5(7� VSHFWURVFRS\� FRQVLVWV� RI� ODEHOOLQJPDFURPROHFXOHV� ZLWK� IOXRUHVFHQW� SUREHV� RI� WZR� W\SHV�� GRQRUV� ZLWK� D� UHODWLYHO\ORQJ�OLIHWLPH�RI�WKH�H[FLWHG�VWDWH�DQG�DFFHSWRUV�ZLWK�D�VKRUW�OLIHWLPH��7KH�HPLVVLRQVSHFWUXP�RI�WKH�GRQRU�DQG�WKH�DEVRUSWLRQ�VSHFWUXP�RI�WKH�DFFHSWRU�VKRXOG�RYHUODS�7KH� GRQRUV� DUH� H[FLWHG� E\� D� OLJKW� VRXUFH� DQG� VRPH� RI� WKHP� WUDQVIHU� H[FLWDWLRQHQHUJ\� WR� WKH� DFFHSWRUV�� )URP� WKH� UHVXOWLQJ� HPLVVLRQ� VSHFWUD�� LW� LV� SRVVLEOH� WRGHILQH�DQ�HIILFLHQF\�RI�WKH�HQHUJ\�WUDQVIHU�SURFHVVHV�XVLQJ�)|VWHU
V�WKHRU\�>�@��7KHH[SHULPHQWDO� V\VWHP� FRQVLVWV� RI� PL[HG� OLSLG� YHVLFOHV� RI� GLROHR\OSKRVSKDWLG\OFKROLQH �'23&�� DQG� GLROHR\O� SKRVSKDWLG\OJO\FHURO �'23*�� ZLWKLQVHUWHG�PDMRU�FRDW�SURWHLQV�RI�WKH�0���EDFWHULRSKDJH�>�@��,Q�WKLV�V\VWHP�WKHUH�DUHWZR�W\SHV�RI�SURWHLQV�±�ZLOG��FRQWDLQLQJ�RQO\�RQH�WU\SWRSKDQH DPLQR�DFLG��GRQRU�DQG�PXWDQW�SURWHLQV��FRQWDLQLQJ�ERWK�WU\SWRSKDQH DQG�$('$16 �DFFHSWRU��
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)LJ���0RGHO�RI�D�PHPEUDQH��D��DQG�PHPEUDQH�SURWHLQV��E��ZLWK�IOXRUHVFHQW�ODEHOV

7KH�LQSXW�SDUDPHWHUV�RI�WKH�PRGHO�DUH��� &RQFHQWUDWLRQV�RI�ZLOG�W\SH�SURWHLQV�DQG�PXWDQWV��� /RFDWLRQ�RI�WKH�DFFHSWRU�LQ�WKH�SURWHLQ��� &RHIILFLHQW� RI� SURWHLQ�SURWHLQ� DVVRFLDWLRQ� �WKH� SUREDELOLW\� WKDW� D� VHOHFWHGSURWHLQ�LV�ORFDWHG�LQ�LPPHGLDWH�SUR[LPLW\�WR�DQRWKHU�RQH���� )|VWHU�GLVWDQFH��WKH�SKRWRSK\VLFDO�SDUDPHWHU��ZKLFK�GHVFULEHV�WKH�LQWHQVLW\�RIHQHUJ\�WUDQVIHU�>�@��7KH� LQWHQVLW\� RI� IOXRUHVFHQFH� DQG� HQHUJ\� WUDQVIHU� HIILFLHQF\� DUH� WDNHQ� DV� RXWSXWYDOXHV�� %HFDXVH� RI� WKH� VLPXODWLRQ� QDWXUH� RI� WKH� PRGHO�� WKH� UHVXOWLQJ� RXWSXWFRQWDLQV� VWRFKDVWLF� HUURUV��7KHUHIRUH� VLPXODWLRQV� DUH� UXQ� VHYHUDO� WLPHV� WR� UHGXFHWKHVH� HUURUV�� 7KLV� UHVXOWV� LQ� DQ� LQFUHDVH� RI� FDOFXODWLRQ� WLPH�� ,Q� RXU� QXPHULFDOH[SHULPHQWV�RQH�FRPSOHWH�FDOFXODWLRQ�WDNHV�XS�WR���PLQ�
���5HVXOWV
$� WKUHH�OD\HU� SHUFHSWURQ� LV� XVHG� WR� UHSURGXFH� WKH� GHVFULEHG� VLPXODWLRQ� PRGHO�6RPH�VWDWLVWLF�H[SHULPHQWV�DUH�FRQGXFWHG�WR�GHILQH�WKH�RSWLPDO�QXPEHU�RI�QHXURQVLQ� KLGGHQ� OD\HUV�� 7KLV� QXPEHU� GHSHQGV� RQ� WKH� QXPEHU� RI� YDULDEOH� LQSXW



SDUDPHWHUV��6R��IRU���YDULDEOH�SDUDPHWHUV�WKH�$11�VKRXOG�KDYH�������QHXURQV�LQKLGGHQ�OD\HUV��IRU���SDUDPHWHUV����DQG�IRU���SDUDPHWHUV�±�����7KHVH�YDOXHV�ZHUHH[SHULPHQWDOO\�REWDLQHG��,Q�RXU�FDVH�WKH�DSSOLFDWLRQ�RI�D�ODUJHU�QXPEHU�RI�QHXURQVGRHV�QRW�OHDG�WR�D�GHFUHDVH�RI�WKH�HUURU�IRU�D�WHVW�VHW�7KH�$11�LV�WUDLQHG�E\�WKH�%DFN�3URSDJDWLRQ�(UURU�DOJRULWKP�ZLWK�WKH�/HYHQEHUJ�0DUTXDUGW RSWLPLVDWLRQ�WHFKQLTXH�>�@��7R�DYRLG�RYHUWUDLQLQJ�DIWHU�HDFK����HSRFKV�WKH� $11� LV� WHVWHG� RQ� D� VHW� RI� FRQWURO� LQSXW�RXWSXW� SDLUV� ����� HOHPHQWV��� ,I� WKHUHVXOWV� RI� WHVWLQJ� GLG� QRW� LPSURYH� IRU� D� FHUWDLQ� WLPH�� WKH� WUDLQLQJ� SURFHGXUH� LVVWRSSHG��$OO�FDOFXODWLRQV�ZHUH�PDGH�LQ�0$7/$%� ����ZLWK�WKH�1HXUDO�1HWZRUNV7RROER[� RQ� D� 3&�ZLWK� ,QWHO� 3HQWLXP� ,,,�����&38�� 7KH� WLPH� FRVWV� RI� WKH� $11PHWKRG�DSSOLFDWLRQ�DUH�VKRZQ�LQ�7DEOH���7DEOH��� 7KH�WLPH�FRVWV�RI�WKH�$11�PHWKRG7DVN ��YDULDEOH�SDUDPHWHUV ��YDULDEOH�SDUDPHWHUV7UDLQLQJ�VXEVHW���JHQHUDWLRQ ���PLQ ���PLQ7UDLQLQJ�VXEVHW���JHQHUDWLRQ ���KU ���KU7UDLQLQJ ��PLQ ���PLQ$11�VLPXODWLRQ ������ V ������ V
7KH�DYHUDJH�WLPH�RI�WKH�FDOFXODWLRQ�FRQGXFWHG�E\�WKH�VLPXODWLRQ�PRGHO�LV����VHF�7R� REWDLQ� WKH� VDPH� UHVXOW� E\� WKH� $11� FDOFXODWLRQ� LW� WDNHV� DERXW� ������ V�GHSHQGLQJ� RQ� WKH� QXPEHU� RI� QHXURQV� LQ� WKH� KLGGHQ� OD\HUV�� 7KLV� PHDQV� WKDW� WKHFDOFXODWLRQ�LV�VSHHGHG�XS�E\�DSSUR[LPDWHO\�D�IDFWRU�RI�����$IWHU� H[HFXWLRQ� RI� WKH� WUDLQLQJ� SURFHGXUH� WKH� PHDQ� UHODWLYH� VTXDUH� HUURU� RQ� WKHWUDLQLQJ�VHW�YDULHG�IURP�����WR������GHSHQGLQJ�RQ�WKH�WDVN��7KH�UHVXOWLQJ�HUURUV�RQWKH� WHVW� LQSXW�RXWSXW� VHW� YDULHG� IURP� ���� WR� ������ 7R� SURYH� WKH� TXDOLW\� RI� WKHPHWKRG�XVHG�� FRPSDULVRQ�ZHUH�PDGH� XVLQJ� WKH� VLPXODWLRQ�PRGHO� DQG� WKH�$11�2QH�UHVXOW�LV�UHSUHVHQWHG�LQ�)LJ����ZKLFK�VKRZV�DQ�H[FHOOHQW�DJUHHPHQW�

)LJ���� 7KH�GHSHQGHQFH�RI�WKH�HQHUJ\�WUDQVIHU�LQWHQVLW\�RQ�WKH�ORFDWLRQ�RI�WKH�DFFHSWRU�ODEHO�DVVXPLQJ�QR�SURWHLQ�DJJUHJDWLRQ����7KH�FLUFOHV�VKRZ�WKH�FRPSXWHU�VLPXODWHG�YDOXHV��DQGWKH�OLQH�VKRZV�WKH�QHXUDO�QHWZRUN�DSSUR[LPDWLRQ



)LJ�� �� VKRZV� WKDW� DQ� $11� LV� DEOH� WR� EXLOG� D� VPRRWK� LQWHUSRODWLRQ� RI� WKHGHSHQGHQFHV�RI�IOXRUHVFHQFH�LQWHQVLW\�IURP�LQSXW�SDUDPHWHUV�RI�WKH�PRGHO��'XH�WRKLJK� VSHHG�RI� WKH�$11�FDOFXODWLRQ� LW� LV� SRVVLEOH� WR� REWDLQ� VPRRWK�GHSHQGHQFHV�7KHVH�GHSHQGHQFHV� DUH� TXLWH� FRPSOH[�DQG�VR� WKH\�KDUGO\� FDQ� EH� GHVFULEHG�E\� DVLQJOH� DQDO\WLFDO� IXQFWLRQ� ZLWK� SK\VLFDOO\� PHDQLQJIXO� SDUDPHWHUV�� 0RUHRYHU� DQ$11�DSSUR[LPDWLRQ�RI�D�PRGHO�DOORZV�FDOFXODWLQJ�QXPHULFDO�YDOXHV�RI�GHULYDWLYHVDQG�KHQFH�LW�DOORZV�XVLQJ�D�JUDGLHQW�ILWWLQJ�WHFKQLTXH�
���&RQFOXVLRQV
7KH� XVH� RI� D� WUDLQHG� $11� LQ� WKH� PRGHOOLQJ� SUHVHQWHG� KHUH� UHVXOWV� LQ� D� JDLQ� LQFRPSXWLQJ� WLPH�E\� D� IDFWRU� RI� ����� 7KLV� DOORZV� XVLQJ� RSWLPLVDWLRQ� WHFKQLTXH� WRGHWHUPLQH� SDUDPHWHUV� RI� WKH� V\VWHP� FRQVLGHUHG��0RUHRYHU� WKH� $11� SURGXFHV� DVPRRWK�DSSUR[LPDWLRQ�RI� WKH�UHVXOWV�RI�D�VWRFKDVWLF�VLPXODWLRQ��7KXV�LW�GHFUHDVHVWKH�OHYHO�RI�VWRFKDVWLF�HUURUV��'XH�WR�WKLV�VPRRWK�GHSHQGHQF\�LW�LV�SRVVLEOH�WR�XVH�DVWDQGDUG� RSWLPLVDWLRQ� WHFKQLTXH�� VXFK� DV� JUDGLHQW� VHDUFK�� IRU� SDUDPHWHUGHWHUPLQDWLRQ�7KH�LPSHUIHFWLRQV�RI�GHVFULEHG�DOJRULWKP�DUH� WKH� IROORZLQJ�� ,W�ZRUNV� RQO\�ZKHQWKH�QXPEHU�RI�YDULDEOH�SDUDPHWHUV� LV�TXLWH�VPDOO� �LQ�RXU�H[SHULPHQWV� ±�XS� WR����)XUWKHUPRUH�$11�DSSUR[LPDWLRQ�RI�D�V\VWHP�PD\�FRQWDLQ�VRPH�LQDFFXUDFLHV�1HYHUWKHOHVV��WKH�PHWKRG�RI�$11�PRGHOOLQJ�FDQ�EH�XVHG�DV�D�YHU\�JRRG�WRRO� IRUGHWHUPLQDWLRQ�RI� LQLWLDO�HVWLPDWLRQV�RI�SDUDPHWHUV��,W� LV�QRW� OLPLWHG� WR�ELRSK\VLFDOSUREOHPV��DQG�FDQ�EH�DSSOLHG�WR�DQ\�VLWXDWLRQ�ZKHUH�WKH�VFKHPH�IURP�)LJ���FDQ�EHXVHG�
5HIHUHQFHV
�� %DUURQ�$5��������8QLYHUVDO�DSSUR[LPDWLRQ�ERXQGV�IRU� VXSHUSRVLWLRQV�RI�D� VLJPRLGDOIXQFWLRQ��,(((�7UDQV�RQ�,QIRUP�7KHRU\���������������� %LVKRS�0��������1HXUDO�1HWZRUNV�IRU�3DWWHUQ�5HFRJQLWLRQ��&ODUHQGRQ�3UHVV��2[IRUG�� &\EHQNR�*� �������$SSUR[LPDWLRQV�E\� VXSHUSRVLWLRQV� RI� D� VLJPRLGDO� IXQFWLRQ��0DWK&RQWU�6LJQDOV�6\VW������������� )|VWHU�7��������,QWHUPROHFXODU�HQHUJ\�PLJUDWLRQ�DQG�IOXRUHVFHQFH��$QQ�3K\V���������� +RUQLN�.��6WLQFKFRPEH�0��DQG�:KLWH�+��������0XOWLOD\HU�IHHGIRUZDUG�QHWZRUNV�DUHXQLYHUVDO�DSSUR[LPDWRUV��1HXUDO�1HWZRUNV������������� .RSSHO�'��HW�DO�� ������� ,QWUDPHPEUDQH�3RVLWLRQ�RI�0HPEUDQH�%RXQG�&KURPRSKRUHV'HWHUPLQHG�E\�([FLWDWLRQ�(QHUJ\�7UDQVIHU��%LRFKHPLVWU\��������������� 6SUXLMW 5��HW�DO���������/RFDOL]DWLRQ�DQG�UHDUUDQJHPHQW�PRGXODWLRQ�RI�WKH�1�WHUPLQDODUP� RI� WKH� PHPEUDQH�ERXQG� PDMRU� FRDW� SURWHLQ� RI� EDFWHULRSKDJH� 0���� %LRFKLP%LRSK\V�$FWD�������������


